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ON THE HO¨LDER CONTINUOUS SUBSOLUTION PROBLEM
FOR THE COMPLEX MONGE-AMPE`RE EQUATION, II
NGOC CUONG NGUYEN
Abstract. We solve the Dirichlet problem for the complex Monge-Ampe`re
equation on a strictly pseudoconvex with the right hand side being a positive
Borel measure which is dominated by the Monge-Ampe`re measure of a Ho¨lder
continuous plurisubharmonic function. If the boundary data is continuous,
then the solution is continuous. If the boundary is Ho¨lder continuous, then
the solution is also Ho¨lder continuous. In particular, the answer to a question
of A. Zeriahi [10] is always affirmative.
1. Introduction
In this paper we continue our investigation in [19] of the Dirichlet problem for
the complex Monge-Ampe`re equation in a bounded strictly pseudoconvex domain
Ω ⊂ Cn, provided the existence of a Ho¨lder continuous subsolution. We refer the
reader to [3], [13], and [15] for a more detailed historical account on the subject (see
also [9], [10], [11], [12] [17], [20] and [21] for geometric motivations and applications).
Let ϕ ∈ PSH(Ω) ∩ C0,α(Ω¯) for some 0 < α ≤ 1. Assume also that
ϕ = 0 on ∂Ω.
We consider the following set
M(ϕ,Ω) := {µ is positive Borel measure: µ ≤ (ddcϕ)n in Ω} .
We also say that ϕ is a Ho¨lder continuous subsolution to measures in M(ϕ,Ω).
Given ψ a Ho¨lder continuous function on the boundary ∂Ω and a measure µ in
M(ϕ,Ω) we look for a real-valued function u satisfying
(1.1)
u ∈ PSH ∩ L∞(Ω),
(ddcu)n = µ in Ω,
lim
z→x
u(z) = ψ(x) for x ∈ ∂Ω,
and
(1.2) u ∈ C0,α
′
(Ω¯) for some 0 < α′ ≤ 1.
The Dirichlet problem (1.1) was solved by Ko lodziej [14] provided that there exists
a bounded plurisubharmonic subsolution. In our setting, the Ho¨lder continuity of
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ψ on ∂Ω and of ϕ on Ω¯ are necessary in order to solve the Dirichlet problem (1.1)
& (1.2). In [19] this problem is solved under the extra assumptions:
ψ ≡ 0 and
∫
Ω
(ddcϕ)n < +∞.
This gave also an affirmative answer to a question of A. Zeriahi [10, Question 17]
when the subsolution ϕ has finite Monge-Ampe`re total mass. Our goal now is to
remove these extra assumptions. The first main result of this paper is as follows.
Theorem A. Let ψ ∈ C0(∂Ω) and µ ∈ M(ϕ,Ω). Then, there exists a unique
solution u ∈ C0(Ω¯) to the Dirichlet problem (1.1).
This theorem is closely related to a question of S.Ko lodziej [10, Question 14]
where he asked if one could prove Theorem A when the subsolution ϕ is only
continuous? The question is still open in general.
The next result gives a necessary and sufficient condition under which a posi-
tive Borel measure admitting a Ho¨lder continuous plurisubharmonic potential. In
particular, the answer to the above question of A. Zeriahi is affirmative.
Theorem B. Assume that ψ is Ho¨lder continuous and µ ∈ M(ϕ,Ω). Then, the
Dirichlet problem (1.1) & (1.2) is solvable.
Thanks to this we obtain easily the convexity of the set of Monge-Ampe`re mea-
sures of Ho¨lder continuous plurisubharmonic functions in Ω. Another important
consequence is the Lp property. Thus, results in [2], [7, 8] are special cases of ours.
Corollary C. Let µ ∈M(ϕ,Ω) and f ∈ Lp(Ω, dµ), p > 1, a nonnegative function.
Suppose that ϕ is Ho¨lder continuous plurisubharmonic function on a neighborhood
of Ω¯. Then, fµ ∈ M(ϕ˜,Ω) for a Ho¨lder continuous plurisubharmonic function ϕ˜
in Ω.
Acknowledgement. I am very grateful to S lawomir Ko lodziej for many useful
discussions. I would like to thank Kang-Tae Kim for his generous support and
encouragement. The author is supported by the NRF Grant 2011-0030044 (SRC-
GAIA) of The Republic of Korea.
2. Preliminaries
In this section we will recall results that are needed in the proofs of Theorems
A and B, Corollary C. If there is no other indication, then the notations in this
section will be used for the rest of the paper.
Let Ω be a bounded strictly pseudoconvex domain in Cn. Let ρ ∈ C2(Ω¯) be a
strictly plurisubharmonic defining function for Ω. Namely,
(2.1) Ω = {ρ < 0} and dρ 6= 0 on ∂Ω.
Let us denote by β = ddc|z|2 the standard Ka¨hler form in Cn. Without loss of
generality we may assume that
(2.2) ddcρ ≥ β on Ω¯.
Throughout the paper the Ho¨lder continuous subsolution ϕ and the associated set
of measures M(ϕ,Ω) are defined as in the introduction.
The following estimate will be very useful for us. For simplicity we write
(2.3) ‖ · ‖∞ := sup
Ω
| · |.
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Lemma 2.1 (B locki [5]). Let v1, ..., vn, v, h ∈ PSH ∩ L
∞(Ω) be such that vi ≤ 0
for i = 1, ..., n, and v ≤ h. Assume that limz→∂Ω[h(z) − v(z)] = 0. Then, for an
integer 1 ≤ k ≤ n,
(2.4)
∫
Ω
(h− v)kddcv1 ∧ · · · ∧ dd
cvn
≤ k!‖v1‖∞ · · · ‖vk‖∞
∫
Ω
(ddcv)k ∧ ddcvk+1 ∧ · · · ∧ dd
cvn.
Consider also the following Cegrell class:
(2.5) E0 =

v ∈ PSH ∩ L∞(Ω)
∣∣∣∣
lim
x→z
v(x) = 0 ∀z ∈ ∂Ω,
and
∫
Ω
(ddcv)n < +∞

 .
The Cegrell inequaliy in this class reads:
Lemma 2.2 (Cegrell [6]). Let v1, ..., vn ∈ E0. Then,
(2.6)
∫
Ω
ddcv1 ∧ · · · ∧ dd
cvn ≤
(∫
Ω
(ddcv1)
n
) 1
n
· · ·
(∫
Ω
(ddcvn)
n
) 1
n
.
We need also to work with a subclass of the Cegrell class:
(2.7) E ′0 :=
{
v ∈ E0 :
∫
Ω
(ddcv)n ≤ 1
}
.
The decay of the volume of sublevel sets of functions in the class E ′0 is equiva-
lent to the volume-capacity inequality. This inequality plays a crucial role in the
capacity method due to Ko lodziej to obtain the a priori and stability estimates
for weak solutions of complex Monge-Ampe`re equation. Here the capacity is the
Bedford-Taylor capacity and it is defined as follows. For a Borel set E ⊂ Ω
(2.8) cap(E,Ω) := sup
{∫
E
(ddcw)n : w ∈ PSH(Ω), 0 ≤ w ≤ 1
}
.
In what follows we shall write cap(E) instead of cap(E,Ω) for simplicity as the
domain Ω is already fixed.
3. Proof of Theorem A
In this section we shall prove the following result.
Proposition 3.1. Assume that µ ∈ M(ϕ,Ω). Then, there exist uniform constants
α0, C > 0 depending only on ϕ,Ω such that for every compact set K ⊂ Ω,
(3.1) µ(K) ≤ Ccap(K) exp
(
−α0
[cap(K)]
1
n
)
.
Notice that under the assumption
∫
Ω(dd
cϕ)n < +∞ a similar inequality, without
the factor cap(K) on the right hand side, was proven in [19].
Remark 3.2. Theorem A will follows immediately from the proposition and a
result of Ko lodziej [16, Theorem 5.9] as µ belongs to the class F(A, h) with h = eα0x
and a uniform A > 0.
We will need the following two lemmas. The first one tells us how fast the
Monge-Ampe`re mass of (ddcϕ)n on large sublevel sets goes to infinity.
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Lemma 3.3. Let v ∈ E ′0. Then, there exists a uniform constant C such that for
s > 0,
(3.2)
∫
{v<−s}
(ddcϕ)n ≤
C‖ϕ‖n∞
sn
.
Proof. Set vs := max{v,−s}. Then, vs = v on a neighborhood of ∂Ω. Moreover,
(3.3) vs/2 − v ≥
s
2
on {v < −s} ⊂⊂ Ω.
Therefore,
(3.4)
∫
{v<−s}
(ddcϕ)n ≤
(
2
s
)n ∫
Ω
(v s
2
− v)n(ddcϕ)n
≤
2nn!
sn
‖ϕ‖n∞
∫
Ω
(ddcv)n,
where the second inequality follows from Lemma 2.1. 
On the other hand the volume, with respect to the measure (ddcϕ)n, of small
sublevel sets of functions in E ′0 decays exponentially fast to zero. The Ho¨lder con-
tinuity of ϕ is crucially important to prove such an estimate.
Lemma 3.4. There exist uniform constants τ > 0 and C > 0 such that for v ∈ E ′0
and s ≥ 2,
(3.5)
∫
{v<−s}
(ddcϕ)n ≤ Ce−τs.
Proof. With the same notations as in the proof of Lemma 3.3 we have for s ≥ 2
(3.6)
∫
{v<−s}
(ddcϕ)n ≤
2
s
∫
Ω
(v s
2
− v)(ddcϕ)n
≤
∫
Ω
(v s
2
− v)(ddcϕ)n.
Let us denote
Sk := (dd
cϕ)k ∧ βn−k,
where β = ddc|z|2 and 0 ≤ k ≤ n is integer. Our first goal is to show that there
exist αk > 0 and C > 0 (independent of v and s) such that for v ∈ E
′
0 and s ≥ 1,
(3.7)
∫
Ω
(vs − v)Sk ≤ C
(∫
Ω
(vs − v)dV2n
)αk
,
where vs = max{v,−s}. Indeed, without loss of generality we may assume that
(3.8) 0 < ‖vs − v‖1 < 1/100.
Otherwise, if ‖vs−v‖1 = 0, then the inequality trivially holds. If ‖vs−v‖1 ≥ 1/100,
then we have, using s ≥ 1, v ≤ 0 and Lemma 2.1, that
(3.9)
∫
Ω
(vs − v)Sk =
∫
{v<−s}
(−s− v)Sk
≤
∫
Ω
(−v)kSk
≤ C‖ϕ‖k∞.
This implies the inequality.
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Next, under the assumption (3.8) we prove the inequality by induction in k. The
case k = 0 is obvious. Assume that for every integer m ≤ k we have
(3.10)
∫
Ω
(vs − v)Sm ≤ C
(∫
Ω
(vs − v)dV2n
)αm
.
Then, we need to show that there exists 0 < αk+1 ≤ 1 such that
(3.11)
∫
Ω
(vs − v)Sk+1 ≤ C
(∫
Ω
(vs − v)dV2n
)αk+1
.
For simplicity we write
(3.12) S := (ddcϕ)k ∧ βn−k−1.
Let us still write ϕ to be the Ho¨lder continuous extension of ϕ onto a neighbourhood
U of Ω¯. Consider the convolution of ϕ with the standard smooth kernel χ, i.e., χ ∈
C∞c (C
n) such that χ(z) ≥ 0, χ(z) = χ(|z|), supp χ ⊂⊂ B(0, 1) and
∫
Cn
χ(z)dV2n =
1. Namely, for z ∈ U and δ > 0 small,
(3.13)
ϕ ∗ χt(z) =
∫
B(0,1)
ϕ(z − tz′)χ(z′)dV2n(z
′)
=
1
t2n
∫
B(z,t)
ϕ(z′)χ
(
z − z′
t
)
dV2n(z
′).
Observe that
(3.14)
ϕ ∗ χt(z)− ϕ(z) =
∫
B(0,1)
[ϕ(z − tz′)− ϕ(z)]χ(z′)dV2n(z
′)
≤ Ctα,
and
(3.15)
∣∣∣∣∂2ϕ ∗ χt∂zj∂z¯k (z)
∣∣∣∣ ≤ C‖ϕ‖∞t2 .
We first have
(3.16)
∫
Ω
(vs − v)dd
cϕ ∧ S ≤
∣∣∣∣
∫
Ω
(vs − v)dd
cϕ ∗ χt ∧ S
∣∣∣∣
+
∣∣∣∣
∫
Ω
(vs − v)dd
c(ϕ ∗ χt − ϕ) ∧ S
∣∣∣∣
=: I1 + I2.
It follows from (3.15) that
(3.17) I1 ≤
C‖ϕ‖∞
t2
∫
Ω
(vs − v)S ∧ β =
C‖ϕ‖∞
t2
∫
Ω
(vs − v)Sk.
Hence,
(3.18) I1 ≤
C‖ϕ‖∞
t2
‖vs − v‖
αk
1 .
We turn to the estimate of the second integral I2. By integration by parts
(3.19)
∫
Ω
(vs − v)dd
c(ϕ ∗ χt − ϕ) ∧ S =
∫
Ω
(ϕ ∗ χt − ϕ)dd
c(vs − v) ∧ S
=
∫
{v<− s
2
}
(ϕ ∗ χt − ϕ)dd
c(vs − v) ∧ S
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as vs = v on {v ≥ −s}. Hence,
(3.20)
I2 ≤
∫
{v<− s
2
}
|ϕ ∗ χt − ϕ|(dd
cv + ddcvs) ∧ S
≤ Ctα
∫
{v<− s
2
}
(ddcv + ddcvs) ∧ S.
For the first term of the integral on the right hand side we have
(3.21)
∫
{v<− s
2
}
ddcv ∧ S ≤
(
4
s
)k ∫
{v<− s
4
}
(v s
4
− v)kddcv ∧ S
≤
C
sk
∫
Ω
(v s
4
− v)kddcv ∧ (ddcϕ)k ∧ βn−k−1.
Applying Lemma 2.1 we conclude that
(3.22)
∫
Ω
(vs/4 − v)
kddcv ∧ (ddcϕ)k ∧ βn−k−1 ≤ C‖ϕ‖k∞
∫
Ω
(ddcv)k+1 ∧ βn−k−1.
Using ddcρ ≥ β (see Preliminaries) and Cegrell’s inequality we get that
(3.23)
∫
Ω
(ddcv)k+1 ∧ βn−k−1 ≤
∫
Ω
(ddcv)k+1 ∧ (ddcρ)n−k−1
≤
(∫
Ω
(ddcv)n
) k+1
n
(∫
Ω
(ddcρ)n
)n−k−1
n
.
Combining (3.21), (3.22) and (3.23) we have for s ≥ 1,
(3.24)
∫
{v<−s/2}
ddcv ∧ S ≤ C‖ϕ‖k∞.
Notice that vs ∈ E
′
0. The same arguments as above imply that for s ≥ 1,
(3.25)
∫
{v<−s/2}
ddcvs ∧ S ≤ C‖ϕ‖
k
∞.
Thus, altogether we have
(3.26) I1 + I2 ≤
C‖ϕ‖∞
t2
‖vs − v‖
αk
1 + C‖ϕ‖
k
∞t
α.
If we choose
(3.27) t = ‖vs − v‖
αk
3
1 , αk+1 =
ααk
3
,
then the proof of (3.7) is completed.
We now conclude the proof of the lemma. It follows from [19, Eq. (2.26)] and
[16, Lemma 4.1] that ∫
Ω
(vs − v)dV2n ≤ Ce
−τ0s,
where τ0 > 0 and C > 0 are uniform constants independent of v and s. Combining
this with (3.6) and the inequality (3.7) for k = n the lemma follows. 
We are ready to prove the main result of this section.
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Proof of Proposition 3.1. Let us denote ν := (ddcϕ)n. First, we show that for
v ∈ E ′0 there exist uniform constants α1, C > 0 such that
(3.28) ν(v < −s) ≤
Ce−α1s
sn
∀s > 0.
Indeed, there are two possibilities either s ≥ 2 or s < 2. If s ≥ 2, then the inequality
follows from Lemma 3.4 as
sne−τs/2 ≤
(
2n
τ
)n
e−n.
(We can take α1 = τ/2). Otherwise, if 0 < s < 2, then we have e
−α1s ≥ C. Then,
the desired inequality follows from Lemma 3.3.
To complete the proof of the proposition we use an argument which is inspired
by the proofs in [1]. Let K ⊂ Ω be compact. Since ν is dominated by a Monge-
Ampe`re measure of a bounded plurisubharmonic function, it vanishes on pluripolar
sets. Hence, we may assume that K is non-pluripolar. Let h∗K be the relative
extremal function of K with respect to Ω. Since K ⊂ Ω is compact, it is well-
known that
lim
ζ→∂Ω
h∗K(ζ) = 0.
By [4, Proposition 5.3] we have
τn := cap(K,Ω) =
∫
Ω
(ddch∗K)
n > 0.
Let 0 < x < 1. Since the function w :=
h∗K
τ satisfies assumptions of the inequality
(3.28), we have
ν(h∗K < −1 + x) = ν
(
w <
−1 + x
τ
)
≤ C
τn
αn1 (1− x)
n
exp
(
−
α1(1 − x)
τ
)
.
Let x→ 0+, we obtain
(3.29) ν(h∗K ≤ −1) ≤
C
αn1
cap(K,Ω) exp
(
−α1
[cap(K,Ω)]
1
n
)
.
Since hK = h
∗
K outside a pluripolar set, we have
(3.30) ν(K) ≤ ν(hK = −1) = ν(h
∗
K = −1) ≤ ν(h
∗
K ≤ −1).
We combine (3.29) and (3.30) to finish the proof. 
4. Proof of Theorem B
In this section we will prove the Ho¨lder continuity of the solution obtained in
Theorem A provided furthermore that the boundary data ψ is Ho¨lder continuous.
Notice that the zero boundary values of the subsolution ϕ is not essential. We can
modify it by adding an appropriate envelope, similar to (4.5), because no condition
has been imposed on the total mass of the subsolution.
By Theorem A there exists a unique continuous solution to the Dirichlet problem
(1.1), namely, u ∈ PSH(Ω) ∩C0(Ω¯) solving
(4.1) (ddcu)n = µ, u(z) = ψ(z) ∀z ∈ ∂Ω.
We are going to show that u ∈ C0,α
′
(Ω¯) for some exponent 0 < α′ ≤ 1.
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Outline of the proof. Let us sketch the proof of Theorem B. Overall we follow the
steps in the proof of [19] which in turns followed [13]. Though, we need to consider
the problem on an increasing exhaustive sequence of relatively compact domains in
Ω. Denote for δ > 0 small
(4.2) Ωδ := {z ∈ Ω : dist(z, ∂Ω) > δ};
and for z ∈ Ωδ we define
(4.3)
uδ(z) := sup
|ζ|≤δ
u(z + ζ),
uˆδ(z) :=
1
σ2nδ2n
∫
|ζ|≤δ
u(z + ζ)dV2n(ζ),
where σ2n the volume of the unit ball.
Then, we wish to show that
sup
Ωδ
(uˆδ − u) . δ
̟
for some 0 < ̟ ≤ 1. Thanks to the Ho¨lder continuity of the boundary data we can
extend uˆδ to u˜ by a gluing process such that the new function is plurisubharmonic
on Ω and equal to u outside Ωε for some (small) ε > δ. Moreover, we shall still
have
sup
Ωδ
(uˆδ − u) ≤ sup
Ω
(u˜− u) + Cεα,
where α is the Ho¨lder exponent of the boundary data ψ. Next, we shall show that∫
Ωε
(ddcϕ)n .
1
εn
.
This estimate enables us to invoke the results of [19]. It gives a precise quantitative
estimate supΩ(u˜ − u) in terms of δ and ε. Finally, we can choose ε = δ
̟′ with
̟′ > 0 so small that our desired inequality holds.
We now proceed to give details of the argument. For the rest of the arguments
we fix a small δ0 > 0 and consider two parameters δ, ε such that
(4.4) 0 < δ ≤ ε < δ0.
We may assume that ψ ∈ C0,2α(∂Ω), where 0 < α ≤ 1/2 (decreasing α if necessary)
is the Ho¨lder exponent of the subsolution ϕ. Then, we define
(4.5) h(z) = sup{v(z) ∈ PSH(Ω) ∩ C0(Ω¯) : h|∂Ω ≤ ψ}.
It is well-known [3, Theorem 6.2] that h ∈ PSH(Ω) ∩ C0,α(Ω¯) and h = ψ on ∂Ω,
which is also the solution of the homogeneous Monge-Ampe`re equation in Ω. Hence,
we may assume that
(4.6) ψ ∈ PSH(Ω) ∩ C0,α(Ω¯) and (ddcψ)n ≡ 0.
Thanks to the comparison principle [4] we get that
(4.7) ψ + ϕ ≤ u ≤ ψ on Ω¯.
Lemma 4.1. We have for z ∈ Ω¯δ \ Ωε,
(4.8) uδ(z) ≤ u(z) + Cε
α.
In particular,
(4.9) sup
Ωδ
(uˆδ − u) ≤ sup
Ωε
(uˆδ − u) + Cε
α.
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Remark 4.2. It is important to keep in mind that the uniform constants C > 0
appeared in the lemma, and many times below are independent of δ and ε.
Proof. Fix a point z ∈ Ω¯δ \Ωε. Since u is continuous, there is ζ1 ∈ C
n with |ζ1| ≤ δ
such that
(4.10) uδ(z) = u(z + ζ1).
Moreover, there exists ζ2 ∈ C
n with |ζ2| ≤ ε such that z + ζ2 ∈ ∂Ω. Using this and
(4.7) we get that
(4.11)
uδ(z)− u(z) ≤ ψ(z + ζ1)− [ψ(z) + ϕ(z)]
= [ψ(z + ζ1)− ψ(z)] + [ϕ(z)− ϕ(z + ζ2)]
≤ C1|ζ1|
α + C2|ζ2|
α,
where C1 = ‖ψ‖C0,α , C2 = ‖ϕ‖C0,α . Since δ ≤ ε we conclude the proof of the first
part.
To prove the second part, we observe that u ≤ uˆδ ≤ uδ. Therefore,
(4.12) sup
Ωδ
(uˆδ − u) ≤ sup
Ωε
(uˆδ − u) + sup
Ωδ\Ωε
(uδ − u).
Combining this with the first part we get the the second part. 
The lemma above tells us that to obtain the Ho¨lder continuity of the solution u
it is enough to get the estimate on the domain Ωε for ε being of a small constant
compared to δ. To achive our goal we will work on the domain Ωε and keep track
of the (negative) exponent of ε.
Recall that
(4.13) Ωε = {z ∈ Ω : dist(z, ∂Ω) > ε}.
We define
(4.14) Dε := {ρ(z) < −ε},
where ρ is the defining function of Ω as in (2.1). The following lemma is very
similar to Lemma 3.3. The main observation is that the domains Dε and Ωε are
comparable.
Lemma 4.3. Let 1 ≤ k ≤ n be an integer. Let v ∈ PSH ∩ L∞(Ω). Then,
(4.15)
∫
Ωε
(ddcv)k ∧ βn−k ≤
C‖v‖k∞
εk
,
where C is independent of ε.
Proof. Observe that, from Hopf’s lemma,
(4.16) |ρ(z)| ≥ c0dist(z, ∂Ω)
for a uniform constant 0 < c0 ≤ 1. Therefore,
(4.17) Ωε ⊂ {ρ(z) < −c0ε}.
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Since max{ρ,−ε′/2} − ρ ≥ ε′/2 with ε′ = c0ε on the latter set, it follows that
(4.18)
∫
Ωε
(ddcv)k ∧ βn−k
≤
(
2
ε′
)k ∫
Ω
(max{ρ,−ε′/2} − ρ)
k
(ddcv)k ∧ βn−k
≤
C‖v‖k∞
εk
∫
Ω
(ddcρ)k ∧ βn−k,
where we used Lemma 2.1 for the second inequality. The last integral is bounded
by the C2−smoothness of ρ on Ω¯. 
We will now approximate the subsolution ϕ. Let us denote
(4.19) ϕε := max{ϕ− ε, Aρ/ε},
where A := 1 + ‖ϕ‖∞.
Lemma 4.4. We have
(4.20)
∫
Ω
(ddcϕε)
n ≤
CAn
εn
.
Moreover,
(4.21) 1Dε · µ ≤ (dd
cϕε)
n
as two measures, where Dε is defined in (4.14).
Proof. To estimate the Monge-Ampe`re mass of ϕε we use a result of Bedford and
Taylor [4, Corollary 4.3] which is a consequence of the comparison principle. Since
Aρ
ε ≤ ϕε ≤ 0 and the functions have the zero values on the boundary,
(4.22)
∫
Ω
(ddcϕε)
n ≤
An
εn
∫
Ω
(ddcρ)n.
The last integral is finite as ρ is C2 on a neighborhood of the closure of Ω. Fur-
thermore, since ϕε(z) = ϕ(z) − ε on Dε = {ρ < −ε} as ε > 0 small, it is clear
that
1Dε · µ ≤ (dd
cϕε)
n.
This completes the proof of the lemma. 
Remark 4.5. Using the same argument we also get that for an integer 1 ≤ k ≤ n
(4.23)
∫
Ω
(ddcϕε)
k ∧ βn−k ≤
CAk
εk
.
We obtain now the volume-capacity inequality for the approximation sequence.
Corollary 4.6. There exists uniform constants α1 > 0 and C > 0 which are
independent of ε such that for every compact set K ⊂ Ω,
(4.24)
∫
K
(ddcϕε)
n ≤
C
εn
· cap(K) · exp
(
−α1
[cap(K)]
1
n
)
.
In particular, for a fixed τ > 0, there is a constant C(τ) > 0 such that for every
compact set K ⊂ Ω,
(4.25)
∫
K
(ddcϕε)
n ≤
C(τ)
εn
[cap(K)]
1+τ
.
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Proof. This is the analogue of Proposition 3.1 with ϕ is replaced by ϕε. The proof
is a repetition of the one of this proposition. Here we need to take into account
three facts:
(4.26) ‖ϕε‖∞ ≤
C
ε
and ‖ϕε‖C0,α(Ω¯) ≤
C
ε
,
and for an integer 1 ≤ k ≤ n (Remark 4.5),
(4.27)
∫
Ω
(ddcϕε)
k ∧ βn−k ≤
C
εk
.
This explains why we need an extra factor C/εn on the right hand side of the
inequality. 
Next, we have the following stability estimate for the Monge-Ampe`re equation
similar to [13, Theorem 1.1]. However, it also takes into account the possibility of
infinite total mass of the measure on the right hand side.
Proposition 4.7. Let u be the solution of the equation (4.1) and Ωε is defined
by (4.13). Let v ∈ PSH ∩ L∞(Ω) be such that v = u on Ω \ Ωε. Then, there is
0 < α2 ≤ 1 such that
(4.28) sup
Ω
(v − u) ≤
C
εn
(∫
Ω
max{v − u, 0}dµ
)α2
.
Proof. Without loss of generality we may assume that supΩ(v − u) > 0. Set
(4.29) s0 := inf
Ω
(u− v).
We know that for 0 < s < |s0|,
(4.30) U(s) := {u < v + s0 + s} ⊂⊂ Ωε.
Lemma 4.8. Fix τ > 0. For every 0 < s, t < |s0|2 . Then,
(4.31) tncap(U(s)) ≤
C(τ)
εn
[cap(U(s+ t))]
1+τ
.
Proof of Lemma 4.8. Let 0 ≤ w ≤ 1 be a plurisubharmonic function in Ω. We have
the following chain of inequalites.
(4.32)
tn
∫
U(s)
(ddcw)n =
∫
{u<v+s0+s}
[ddc(tw)]n
≤
∫
{u<v+s0+s+tw}
[ddc(v + tw)]n
≤
∫
{u<v+s0+s+tw}
(ddcu)n,
where we used the comparison principle [4, Theorem 4.1] for the last inequality.
Since {u < v + s0 + s+ tw} ⊂ U(s+ t) and w is arbitrary, we get that
(4.33) tncap(U(s)) ≤
∫
U(s+t)
dµ.
If we denote ε′ := c0ε, where c0 is the constant in (4.16), then
1Dε′ · dµ ≤ (dd
cϕε′)
n
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as two measures. Since U(s+ t) ⊂ Ωε ⊂ Dε′ , it follows that
(4.34)
∫
U(s+t)
dµ ≤
∫
U(s+t)
(ddcϕε′ )
n
≤
C(τ)
(c0ε)n
[cap(U(s+ t))]
1+τ
,
where the last inequality followed from Corollary 4.6. The proof of the lemma is
complete. 
Now together with Lemma 4.8, the rest of the proof of the proposition is the
same as in [13, Theorem 1.1] (see also [18, Theorem 3.11]). 
The following result is a variation of Lemma 2.7 in [19] where we considered the
Ho¨lder continuity of a measure ν on E ′0. Though, the situation now is differrent as
ν(Ω) is no longer finite.
Theorem 4.9. Let u be the solution of the equation (4.1) and Ωε is defined by
(4.13). Let v ∈ PSH ∩L∞(Ω) be such that that v = u on Ω\Ωε. Then, there exists
0 < α3 ≤ 1 such that
(4.35)
∫
Ω
|v − u|dµ ≤
C
εn+1
(∫
Ω
|v − u|dV2n
)α3
.
Proof. This is a variation of the inequality (3.7) with
(4.36) Sk,ε := (dd
cϕε)
k ∧ βn−k,
where ϕε = max{ϕ − ε, Aρ/ε} and 0 ≤ k ≤ n is integer. Since µ ≤ Sn,ε on Ωε, it
is enough to show that there is 0 < τ ≤ 1 satisfying
(4.37)
∫
Ω
(v − u)Sn,ε ≤
C
εn+1
‖v − u‖τ1 .
for v ≥ u on Ω. (In the general case we use the identity
|v − u| = (max{v, u} − u) + (max{v, u} − v)
and apply twice the inequality (4.37) to get the theorem.)
Now we can repeat the inductive arguments of the proof of (3.7) with v, u and ϕε
in the places of vs, v and ϕ, respectively. However, there are differences as follows.
First, v, u are no longer in E ′0. Second, let us extend ϕ as in proof of Lemma 3.4,
then ϕε = max{ϕ− ε, Aρ/ε} is also defined on the neighborhood U of Ω¯, and
‖ϕε‖C0,α(U) ≤
C
ε
.
Taking into account above differences, to pass from the k-th step to the step number
(k + 1) we need the following inequality, corresponding to (3.16), (with notation
Sε := (dd
cϕε)
k ∧ βn−k−1)
(4.38)
∫
Ω
(v − u)ddcϕε ∧ Sε ≤
∣∣∣∣
∫
Ω
(v − u)ddcϕε ∗ χt ∧ Sε
∣∣∣∣
+
∣∣∣∣
∫
Ω
(v − u)ddc(ϕε ∗ χt − ϕε) ∧ Sε
∣∣∣∣
=: I1,ε + I2,ε.
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Since
(4.39)
∣∣∣∣∂2ϕε ∗ χt∂zj∂z¯k (z)
∣∣∣∣ ≤ C‖ϕ‖∞εt2 ,
and the induction hypothesis at the step k-th, there exists 0 < τk ≤ 1 such that∫
Ω
(v − u)Sε ∧ β ≤
C
εk+1
‖v − u‖τk1 ,
we conclude that
(4.40)
I1,ε ≤
C‖ϕ‖∞
ε t2
∫
Ω
(v − u)Sε ∧ β
≤
C‖ϕ‖∞
εk+2 t2
‖v − u‖τk1 .
Similar to (3.19), by integration by parts, u = v on Ω \ Ωε, and
|ϕε ∗ χt(z)− ϕε(z)| ≤
Ctα
ε
,
it follows that
(4.41) I2,ε ≤
Ctα
ε
∫
Ωε
(ddcv + ddcu) ∧ Sε.
At this point as u, v do not belong to E ′0 we need to use a different argument to
bound I2,ε. Namely, similarly to Lemma 4.3, we have
(4.42)
∫
Ωε
(ddcu+ ddcv) ∧ Sε ≤
C‖u+ v‖∞(1 + ‖ϕ‖∞)
k
εk+1
.
Indeed, we first have∫
Ωε
ddc(u+ v) ∧ (ddcϕε)
k ∧ βn−k−1
≤
2
ε′
∫
Ω
(max{ρ,−ε′/2} − ρ) ∧ ddc(u+ v) ∧ (ddcϕε)
k ∧ βn−k−1
≤
C
ε
‖u+ v‖∞
∫
Ω
(ddcρ) ∧ (ddcϕε)
k ∧ βn−k−1,
where ε′ = c0ε with c0 defined by (4.16). The desired inequality (4.42) follows from
Remark 4.5. Now, combining (4.41) and (4.42) we get that
(4.43) I2,ε ≤
Ctα
εk+2
.
Next, it is easy to see (from Lemma 4.4) that∫
Ω
(v − u)Sn ≤
C‖u‖∞(1 + ‖ϕ‖∞)
n
εn
.
Therefore, we can assume that 0 < ‖v − u‖1 < 0.01. Thanks to (4.40) and (4.43)
we have ∫
Ω
(v − u)ddcϕε ∧ Sε ≤
C
εk+2 t2
‖v − u‖τk1 +
Ctα
εk+2
.
If we choose t = ‖v − u‖
τk
3
1 , τk+1 =
ατk
3 , then∫
Ω
(v − u)Sε ∧ dd
cϕε ≤
C
εk+2
‖v − u‖
τk+1
1 .
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Thus, the induction argument is completed, and the theorem follows. 
The last ingredient to prove Theorem B was proved first in [2] (see also [19,
Lemma 2.12]). Here, the estimate is sharper and the proof is simpler too.
Lemma 4.10. For δ > 0 small we have
(4.44)
∫
Ωδ
|uˆδ − u|dV2n ≤ Cδ.
Proof. First, we know from the classical Jensen formula (see e.g. [13, Lemma 4.3])
that
(4.45)
∫
Ω2δ
|uˆδ − u| ≤ Cδ
2
∫
Ωδ
∆u(z).
Again, it follows from Lemma 4.3 applied for k = 1 and δ = ε, that
(4.46)
∫
Ωδ
∆u(z) ≤
C
δ
.
Therefore,
(4.47)
∫
Ωδ
|uˆδ − u|dV2n ≤
∫
Ω2δ
|uˆδ − u|dV2n + ‖u‖∞
∫
Ωδ\Ω2δ
dV2n ≤ Cδ.
This is the required inequality. 
We are ready to prove the Ho¨lder continuity of the solution.
End of Proof of Theorem B. Let us fix δ such that 0 < δ < δ0 small and let ε be
such that δ ≤ ε < δ0 which is to be determined later. Thanks to Lemma 4.1 and
uˆδ ≤ uδ we have uˆδ − Cε
α ≤ u on ∂Ωε. Therefore, the function
(4.48) u˜ :=
{
max{uˆδ − Cε
α, u} on Ωε,
u on Ω \ Ωε,
belongs to PSH(Ω) ∩ C0(Ω¯). Notice that u˜ ≥ u in Ω, and
(4.49) u˜ = u on Ω \ Ωε.
Again, by the second part of Lemma 4.1 we have that
(4.50)
sup
Ωδ
(uˆδ − u) ≤ sup
Ωε
(uˆδ − u) + Cε
α
≤ sup
Ω
(u˜− u) + Cεα + Cεα.
By the stability estimate (Proposition 4.7) there exists 0 < α2 ≤ 1 such that
(4.51)
sup
Ω
(u˜− u) ≤
C
εn
(∫
Ω
max{u˜− u, 0}dµ
)α2
≤
C
εn
(∫
Ω
|u˜− u|dµ
)α2
,
where we used the fact that u˜ = u outside Ωε. Using Theorem 4.9, there is 0 <
α3 ≤ 1 such that
(4.52)
sup
Ω
(u˜− u) ≤
C
εn+(n+1)α2
(∫
Ω
|u˜− u|dV2n
)α2α3
≤
C
ε2n+1
(∫
Ωδ
|uˆδ − u|dV2n
)α2α3
,
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where we used 0 ≤ u˜− u ≤ 1Ωε · (uˆδ − u) and Ωε ⊂ Ωδ for the second inequality. It
follows from (4.50), (4.52) and Lemma 4.10 that
(4.53) sup
Ωδ
(uˆδ − u) ≤ Cε
α +
Cδα2α3
ε2n+1
.
Now, we choose α4 = αα2α3/(2n+ 1 + α) and
ε = δ
α2α3
2n+1+α .
Then, supΩδ (uˆδ − u) ≤ Cδ
α4 . Finally, thanks to [13, Lemma 4.2] we infer that
supΩδ (uδ − u) ≤ Cδ
α4 . The proof of the theorem is finished. 
5. proof of Corollary C
Let µ ∈M(ϕ,Ω) and 0 ≤ f ∈ Lp(Ω, dµ) with p > 1. We wish to show that there
exists ϕ˜ ∈ PSH(Ω) ∩ C0,α˜(Ω¯) with 0 < α˜ ≤ 1 such that
(5.1) fdµ ∈ M(ϕ˜,Ω).
The proof of the corollary is similar to the one of Theorem B with the aid of
following two lemmas.
Lemma 5.1. Fix a constant τ > 0. Then, there exists a uniform constant C(τ)
such that for every compact set K ⊂ Ω,
(5.2)
∫
K
fdµ ≤ C(τ) [cap(K)]1+τ .
Proof. Ho¨lder’s inequality and Proposition 3.1 give us
(5.3)
∫
K
fdµ ≤ ‖f‖Lp(Ω,dµ) [µ(K)]
p−1
p
≤ C
[
cap(K) · exp
(
−α0
[cap(K)]
1
n
)] p−1
p
.
Let 0 < a, b, c < 1 be fixed. The following elementary inequality holds for x > 0,
xa exp
(
−c
xb
)
≤ C(τ)x1+τ ,
where C(τ) = C(τ, a, b, c) depends only on τ, a, b, c. Thus, the desired inequality
follows. 
Thanks to the lemma and [16, Theorem 5.9] we can solve the Monge-Ampe`re
equation
(5.4) u ∈ PSH(Ω) ∩ C0(Ω¯), (ddcu)n = fdµ, u|∂Ω = 0.
Moreover, the above lemma will enable us to have the stability estimate (Proposi-
tion 4.7). The next lemma is also a consequence of the generalized Ho¨lder inequality
which was proved in [19, Corollary 2.14].
Lemma 5.2. Let v ∈ PSH(Ω) ∩ C0(Ω¯) be such that v ≥ u in Ω and v = u near
∂Ω. Then, there exist uniform constants C > 0 and 0 < α˜3 < 1 such that
(5.5)
∫
Ω
(v − u)fdµ ≤ C‖v − u‖α˜3L1(dµ).
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Next, we use the extendability assumption of ϕ to get the one similar to Lemma 4.1
in the current setting. Namely, let Ω˜ be a striclty pseudoconvex neighborhood of
Ω¯ such that ϕ ∈ PSH(Ω˜) and Ho¨lder continuous on the closure of Ω˜. Thanks to
the results in [19] there exists v ∈ PSH(Ω˜) and Ho¨lder continuous in Ω˜ satisfying
(ddcv)n = 1Ωfdµ in Ω˜, v = 0 on ∂Ω˜.
Consider h to be the maximal pluriharmonic extension into Ω of (−v)|∂Ω which is
Ho¨lder continuous on ∂Ω. So is h on Ω¯. Then, by the comparison principle,
v + h ≤ u ≤ 0 on Ω¯.
From this we easily deduce the desired estimate near boundary for u.
Now the rest of the proof goes exactly as in the proof of Theorem B. Namely, the
inequality (4.51) holds for the measure fdµ, next use Lemma 5.2 and Theorem 4.9
to get the inequality (4.52). Then we get the Ho¨lder continuity of u. Notice that
the Ho¨lder exponent is worse by a factor α˜3. Thus, fdµ ∈ M(u,Ω).
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